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Fig. 3 Peak pressure.

other hand, the scaling parameter M @ is more suitable (Fig. 2b).
The upstream influence appears to be a quadratic functionof M,
and the correlation of the downstream influence and M_« is also
reasonably good. The extentof the interactionregionshows a similar
trend as the upstream and downstream influences. A good collapse
of the data with M_ & can be seen.

The peak pressuredownstreamof the cornercan be used to charac-
terize the strength of the upstream compression processes. In Fig. 3
it can be seen that the peak pressure downstream of the concave
corner can also be scaled with M __@. Stronger compression is asso-
ciated with increasing freestream Mach number and concave-corner
angle. Note that the peak pressure at M_ & _ 12.30 increases up to
42% of dynamic pressure.

Conclusions

Experiments were carried out to study the characteristicsof com-
pressible concave-corner flows. The surface-pressuredistributions

show similar characteristicsfor all of the test cases. The flows decel-
erate upstream of the corner and accelerate downstream of the cor-
ner. Stronger upstream compression and downstream expansion are
observed with increasing Mach number and concave-cornerangle,
which induce a larger interaction region. The similarity parameter
M __a appears to be a suitable scaling parameter to characterize
the compressible concave-corner flows, which include the interac-
tion region (upstream and downstreaminfluences) and the upstream
compression (peak pressure).
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Optimum Downwash Behind
Wings in Formation Flight
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Nomenclature
b = aircraft wing span
Cpi = aircraft-induceddrag coefficient
CL = aircraftlift coefficient
C = local section lift coefficient
c = local chord
D = aircraftinduced drag
1 = influence coefficient matrix of size n y n
L = aircraftlift
n = number of horseshoe vortices on all of the aircraft
P, QO = constantsused in defining downwash distribution
R = aircraftrolling moment
V. = freestream velocity
w = Trefftz-plane downwash
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w = vector containing the n Trefftz-plane downwash values

w = downwash at quarter-chord

X = streamwise separation between adjacentaircraft

Y = centerline-to-centedine lateral separation between
adjacent aircraft

y = spanwise coordinate

r = bound vorticity strength

r = vector of the n bound vortex strengths

14 = perturbation to bound vorticity

A = quarter-chord sweep

o = density of air

Subscripts

A = aircraft A

av = average

B = aircraftB

Superscripts

[ left wing tip
m = centerline of aircraft
r right wing tip

Introduction

T is well known that formation flight has the potential to of-

fer significant induced drag reductions. The analytical work of
Lissaman and Shollenberger,' as well as the recent experimental
measurements on birds in flight,? both show that birds achieve sig-
nificant energy savings in formation flight when compared to solo
flight. With advances in precision measurement and control of rel-
ative position, formation flight is receiving increased interest for
aircraft drag reduction, for example, Ref. 3.

Birds are able to take advantage of their variable-geometrywings
to achieve near-optimum spanwise lift distributions. In contrast,
aircraft with rigid wings have less flexibility in adapting the wing
geometry for maximizing the formation flight benefits. Use of adap-
tive lifting surfaces may enable future aircraft to take full advantage
of formation flying benefits. It is, therefore, worthwhile to explore
approaches that can determine the optimum lift distributions on
wings in formation flight. These approaches also provide the lower
limit in induced drag attainable for any given formation geometry.
In a recent work, Iglesias and Mason® have presented a constrained-
minimization approach using Lagrange multipliers for determining
the optimum lift distribution on aircraft flying in formation. This
optimum lift distribution results in minimum induced drag for the
entire formation while satisfying the constraints that the lift on each
aircraftequals the weight and the individualrolling moments are all
zero. This optimum lift distribution and the formation induced drag
are independent of the streamwise spacing of the aircraft.

In the current work, which was inspired by Ref. 4, an alternate
approachis presented for determining the optimum lift distribution,
that is, by first determining the optimum downwash distributionin
the Trefftz plane (the plane normal to V_ and located at downstream
infinity). Such approaches have been used earlier for single wings
flying in isolation’~’ The advantage of such an approach is that it
oftenresultsin a simple and elegantanalyticalresult for the shape of
the Trefftz-planedownwash distribution. For example, Munk’s clas-
sic work® showed that a nonplanar wing having minimum induced
drag must have a lift distribution such that the downwash along the
wake trace in the Trefftz plane is proportional to the cosine of the
local wing dihedral angle. For a planar wing, this result turns out to
be constant spanwise downwash, and the associatedlift distribution
is the well-known elliptic distribution.

The current work uses the calculus-of-variation approach of
Jones® to determine the optimum downwash behind wings in for-
mation flight. As with the work of Ref. 4, the wake is assumed to be
rigid and invariant with the streamwise direction, and it is assumed
to trail behind the wings in the direction of the freestream. The
aim is to find the downwash distribution behind the wings such that
the total induced drag of the entire system of wings is a minimum
while satisfying the constraints on the desired lift and desired zero

Fig. 1 Loading and Trefftz-plane downwash for the two-aircraft
example.

rolling moment on each wing. A vortex lattice formulation is then
used to determine the optimum lift distributions from the optimum
downwash using a numerical approach similar to that described by
Blackwell® The drag of the individual aircraft is obtained from
a near-field analysis as described by Iglesias and Mason.* In the
following section, first the theory is described. Results are then pre-
sented for lift and downwash distributions for wings in formation
flight.

Approach

Optimum Downwash

To illustrate the approach, two aircraft flying in close formation
are considered. The aircraft need not be identical. It is assumed
that the two aircraft, A and B, are optimally loaded, that is, the lift
distributions on the two aircraft are such that the total induced drag
of the formation is a minimum, the total lift on each aircraft equals
the corresponding weight, and the rolling moment about the center
of gravity for each aircraft is zero. This lift distribution, referred to
as the original lift distribution, is shown schematically in Fig. 1.

If ', (y) and '3 () are the bound vortex distributions associated
with the original lift distributions on the two aircraft A and B, then
the lift L4 and L on each aircraft can be can be computed by
spanwise integration, as shown in Eq. (1) using aircraft A as exam-
ple. The aircraft rolling moment R due to the lift distribution can
also be computed from the I distributionand is shown in Eq. (2) for
aircraft A. Furthermore, when the Trefftz-plane downwash distribu-
tions w4 (y) and wg (y) are used, the total induced drag of the entire
formation with this lift distribution can be readily computed, as
shown in Eq. (3). Note that the induced drag for each of the individ-
ual aircraft cannot be determined from the Trefftz-plane downwash
and has to be computed from a near-field method, as pointed out in
Ref. 4. With aircraft A used as an example, if the lift distribution
on the wing is modeled using a bound vortex of varying strength
I, (y) along the quarter-chord line with local sweep angle A(y)
and w4 (y) is the downwash distribution along this line, then the
induced drag of aircraft A is given by Eq. (4). The effect of sweep
is automatically taken into accountin Eq. 4 because the integration
is performed along the spanwise coordinate y and not along the
quarter-chordline. Thus,
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As noted by Jones,” if the induced drag is to be a minimum, then
a small variation in the shape of the lift distribution will produce
no first-order change in the formation induced drag. Additionally,
if the constraints on the individual lift and rolling moment are to be
satisfied, then the small variation in the lift distribution should pro-
duce no change in the individual aircraft lift and rolling moment.
The change in the formation induced drag due to a small varia-
tion in the I" distribution (referred to as additional distribution) is
composed of three parts’: 1) the drag arising from the additional I'
distribution acting on the additional Trefftz-planedownwash distri-
bution, 2) the drag arising from the original I distribution acting
on the additional Trefftz-plane downwash distribution, and 3) the
drag arising from the additional I" distributionacting on the original
Trefftz-planedownwash distribution. The first partis a second-order
term and can be neglected when compared to the other two parts.
From Munk’s mutual drag theorem,” the second and third parts of
the additional induced drag are equal. Therefore, if the first-order
change in formationinduceddrag is to be zero, then it is sufficient to
set the drag arising from the additional I' distribution acting on the
original Trefftz-plane downwash distribution (third part) to zero.

To satisfy the constraints on the specified lift and zero rolling
moment for each aircraft, the additional I' distribution should be
selected such that it generates no additional lift or rolling moment
for each of the aircraft. It can be seen that such an additional I" dis-
tributionfor each aircraft must have at least three elements to satisfy
these two constraints. Furthermore, using the arguments of Jones,’
any additional distribution meeting these requirements can be sub-
divided into groups of three elements, so that each individual group
independently satisfies the constraints. Therefore, as representative
of perturbation curves that satisfy the constraints, the additional I
distribution can be represented using three small elements on each
wing. This additional I distribution is shown in Fig. 1 along with
the original I' distribution for the two aircraft. For instance, aircraft
A has an additional distribution composed of three elements with
areas Ya.1, Ya.2, and V4,3 in Fig. 1 and have been arbitrarily located
at ya.1, Ya.2, and ya.3.

If the original I distribution represents the optimum loading,
then the additional I' distribution must satisfy the following three
conditions: 1) There should be no change in the lift on aircraft A
and B [Eqgs. (5) and (6)]. 2) There should be no change in the rolling
moments [Egs. (7) and (8)]. 3) There should be no change in the
total induced drag [Eq. (9)].In Eq. (9), Wa,1, W42, and similar terms
are the Trefftz-plane downwash values associated with the original
[" distribution at the corresponding locations ya.1, y4.2, and so on.
Therefore,

Ya1 4 Va2 4 Va3 =0 (5)

Y814 VB2 4 VB3 =0 (6)
VA.l(yA.l _ yf{) + VA.2(yA.2 _ yf{) 4+ Va3 (yA.3 _ yzl) 0 7

VB.I(yB.l _ yi’,f) + VB.2()73.2 — Y’;;l) + VB.3(yB.3 — y};’) -0 (3)
YaaWan 4 YacWaz 4 Yas3Was 4 Ve1Wsa

+VB2WB2 4 VB3Wp3 =0 )

Note that to satisfy Eqs. (5-9), the original Trefftz-plane down-
wash along the wake trace of each wing must be of the form
wa(y) = Pa 4 Qa(y _yy)andwp(y) — Ps 4 Qp(y _ yj), where
P4, Qa, Pp, and Q3 are constants that are determined using the
values of the specified lift L, and Lp and the rolling moments R4
and Rp for the two aircraft. In the current problem, R4 and Rp are
both zero.

Although the method has been illustrated using two aircraft, the
result can be generalized for any arbitrary number of wings in for-
mation flight and can be stated as follows: The lift distributions
for wings in formation flight with constraints on the lift and rolling
moment on each wing must resultin a linear variationin the Trefftz-
plane downwash for the total induced drag of the formation to be
a minimum. That the condition for minimum induced drag can be

summarized in such a simple statement even for a complex config-
uration of multiple wings points to the elegance of the optimum-
downwash approach pioneered by Munk® and Jones

The current formulation is valid only for formation geometries
in which the wake traces of the wings in the Trefftz plane do not
intersect or overlap with each other. If the wake traces of two wings
have intersecting or overlapping wake traces, then they share the
same Trefftz-plane downwash value at each of the common points
of overlap. Because the current formulation does not account for
such a constraintin the downwash, the method is restricted to wings
that do not intersect or overlap in the front view. In any case, with
wings having overlapping trailing-vortex wakes, the effects of vis-
cosity and rollup of the wake’ become important and need to be
considered, although it may prove to be challenging to incorporate
these considerations in the determination of optimum spanloads.
These effects are not included in the current inviscid, rigid-wake
formulation.These limitationsare also applicableto the constrained-
minimization approach of Ref. 4.

Optimum Lift Distribution

The I distributionson the wings and the associated Trefftz-plane
downwashw distributionsbehindthemare closelyrelatedand canbe
determined using a discrete vortex method similar to that described
by Blackwell ® Briefly, the bound vorticity distribution on all of the
wings and the trailing vorticity shed behind them are approximated
using n horseshoe vortices, each having a constant value for the
boundvortexstrengthI". With sucha formulation, the n-dimensional
T" vector and the n-dimensional w vector can be related using an
n 4 n influence coefficient matrix I as shown in Eq. (10). For a
known w, the I’ distribution can be computed by solving Eq. (10)
and the lift, rolling moment, and drag can then be determined
using Egs. (1-4).

I1.T_w (10)

For the current problem, w(y) for each aircraftis known in terms
of the two unknown constants P and Q. These unknowns are com-
puted using a single step of Newton’s method as shown in Eq. (11)
for the two-aircraftexample used earlierin this section. The solution
is made simple because zero values for the P and Q correspond to
zero values for L and R. The Jacobian of the partial derivatives is
computed using finite differencing. For example, dL 4 /9 P, is com-
puted by making a small change to P4 and computing the change
to L4. The right-hand side is a vector of the desired values of lift
L4 and L and rolling moments R4 and Rp. In the current prob-
lem, the rolling moments are set to zero. Thus, the P and Q can be
determined using

9L, L, 0L, 9L,
dPy 0Q4 0Py 3Qp
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dPy 03Q4 0Py 03Qp Q4 R4 an
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This approach can be readily extended to a formation of more than
two aircraft.

For a given formation of several wings with the geometry speci-
fied in the front view, known values for the specified lift, and zero
rolling moments, the approach, thus, allows computation of the P
and Q that in turn determine the Trefftz-plane downwash. The I’
distributionsare then computed, from which other quantities can be
determined. If in addition, the planform geometry of the entire for-
mation is known, the induced drag for each individual aircraft can
also be computed using the near-field approach* shown in Eq. (4)
for aircraft A.
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Fig. 2 Comparison of the optimum lift distribution with the results
of Ref. 4: a) right-side plan view of the formation geometry, b) Trefftz-
plane downwash distribution, and ¢) spanload distribution from the two
methods.

Results

The current approach was used to determine the optimum down-
wash and lift distribution for three identical wings, each having an
aspect ratio of 8, in symmetric formation flight. The geometry for
this example is identical to one of the configurations used in Ref. 4
and has been used for validation of the current method. Figure 2a
shows the right side of the plan view of the formation. There is a
small vertical separation (1% span) between the middle lead air-
craft and each of the corner wings and ¥ _ 0.89b. Each aircraft is
required to operate at C;, of 0.6 and to have zero rolling moment.
Figure 2b shows the nondimensional Trefftz-plane downwash dis-
tribution w/ VcQ from the current method. It is seen that the middle
aircrafthas constantdownwash because of the symmetry of the con-
figuration. Figure 2¢ shows the excellent comparison between the
resulting spanwise nondimensionallift distribution from the current
method and that obtained by Iglesias and Mason.* The formation
Cp;, defined as the total formationinduced drag referencedto the to-
tal planform area of all of the wings, was determined to be 0.00707.
If the three aircraft had been flying in isolation, their average Cp;
would have been 0.01415, as predicted by the current vortex lattice
method. This prediction for the solo flight Cp; is close to the exact
value of 0.01432 for an elliptically loaded isolated wing of aspect
ratio 8. Thus, the formation flight results in a nearly 50% reduction
in total induced drag. These results from the current approach are
identical to those presented in Ref. 4.

Although the formation Cp; and the optimum downwash and
lift distributions are all independent of the streamwise separation
X, the distribution of the induced drag among the three wings does
depend on the value of X. When X _ 3b, the values of the individual
aircraft Cp; are 0.01478 for the lead wing and 0.00322 for each of
the two trailing aircraft. Thus, at this large streamwise separation,
the formation flying results in a large benefit to the two trailing
aircraft while slightly penalizingthe lead aircraft. At a much smaller
streamwise separation of X _ 0.25b, the benefits are slightly more
equally distributed, with the individual aircraft Cp; being 0.01356
for the lead aircraft and 0.00383 for the two trailing aircraft. For
negative values of X, when the middle aircraft trails behind the
two corner aircraft, the middle aircraft can experience an induced
thrust. For example, when X _ _2b, the values for the individual
aircraft Cp; are _0.00642 for the middle aircraft and 0.01382 for
each of the two corner aircraft. In all three cases, it is seen that the
average Cp; is 0.00707. These trends agree with those presented
in Ref. 4.
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Fig. 3 Effect of lateral spacing on the optimum lift and Trefftz-plane
downwash distributions for the seven-aircraft example: a) Y = 0.89b,
b)Y =0.99b,¢) Y =1.095,and d) Y = 1.59b.

Figures 3a—3d show the results of the current method applied to
symmetric formation flight of seven identical wings, each flying
at Cr of 0.6 with zero rolling moment. All of the wings have an
aspect ratio of 8. There is a small vertical separation of 1% span
between two adjacent wings. This study shows the sensitivity of
the optimum downwash, lift distribution, and total induced drag to
lateral spacing of the aircraft. For small lateral separation (Fig. 3a),
note that the optimum lift distributionfor each wing deviates signifi-
cantly from an elliptic distribution. As the aircraftare spaced farther
away laterally from each other, the optimum loading becomes closer
to the single-aircraft optimum elliptic loading, and the downwash
distribution becomes closer to a constant along the span. The total
induced drag reduction compared to solo flight is highest (71 %) for
the smallest lateral spacing (Fig. 3a). With progressive increase in
the lateral spacing, the induced drag reduction decreases to 63, 38,
and 14 %, respectively for Figs. 3b, 3c, and 3d. These trends are, in
general, consistent with those reported in Ref. 4 and the flight-test
results of Ref. 3.

Conclusions

The calculus-of-variations approach previously used by Jones®
for determining minimum induced drag of single wings has been
extended to handle multiple wings in formation flight with con-
straints on the lift and rolling moment for each wing. The approach
shows that the lift distributions for wings in formation flight with
constraints on the lift and rolling moment on each wing must re-
sult in a linear variation in the Trefftz-plane downwash for the to-
tal induced drag of the formation to be a minimum. This simple
and elegant result illustrates the power of the optimum-downwash
approach pioneered by Munk® and Jones.® The optimum lift dis-
tribution was obtained from the optimum downwash using a dis-
crete vortex lattice method similar to that described by Blackwell ®
The results from the current approach agree identically with those
obtained using a constrained-minimizaton approach?* The current
approach considers only wings in formation flight and needs to be
extended to handle aircraft in formation, with each aircraft being
in longitudinal trim, as was done in Ref. 4. Additionally, like the
constrained-minimization approach,* the current formulationis also
valid only for formation geometries in which the wake traces of the
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wings in the Trefftz plane do not intersect or overlap with each
other. Although there does not appear to be any significant com-
putational advantage to the present method when compared to that
of a constrained-minimization technique,* the present method pro-
vides a simple closed-form expression for the optimum downwash
and, thus, provides additional insightinto the aerodynamics of ideal
formation flight.
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Validation of a Wall Interference
Correction Procedure in Subsonic Flow
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Introduction

NE of the main sources of error affecting the experimental

measurements of the flowfield around a model is the inter-
ference effects of wind-tunnel walls. Classical correction criteria
are based on theoretical linear models, and thus, their validity is
limited. More recently, new correction methods were introduced.
(For a general description, see Ref. 1.) These methods are based
on more complex procedures that couple measurements, typically
pressure and/or velocity on the wall or in the field, with numerical
calculations.

A method of correction for the wall interference effects was de-
veloped, based on pressure measurements on the wind-tunnel walls
coupled with a numerical procedure to evaluate the flow correction,
which is described in detail in Refs. 2 and 3.
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A preliminary application of the setup methodology to the cor-
rection of the aerodynamic coefficients of a complete aircraft model
in subsonic conditions was described in Ref. 3. The results were
compared with those obtained with a pretest correction method,
and a satisfactory agreement was obtained. Clearly, this cannot be
considered as a definitive validation of the correction procedure.

In the present paper, the methodology is applied to real exper-
imental data, therefore, as a posttest procedure. Experiments on a
complete aircraft configuration have been carried out using two dif-
ferent model sizes. The use of different scale models, operating in
a given wind tunnel under identical flow conditions, appears to be
the most appropriate procedure to gain information on the validity
of the proposed correction procedure. Indeed, this approach gets rid
of all differences related to the free-stream flow conditions, and the
uncertainty in measurement comparisons is considerably reduced,
being limited to the random component (which can be reduced,
theoretically, to any desired value) of the measurement procedure.

Subsonic and low-angle-of-attack conditions have been consid-
ered. These can be considered the most critical conditions for the
correction procedure; indeed, they are characterized by low wall
interference effects, and this leads to a great sensitivity to the mea-
surement uncertainty (both for the forces and the wall pressure).
Therefore, it is anticipated that the correction procedure is more
accurate the more important the wall effects to be corrected are.

Description of the Correction Procedure

The adopted correction methodology is a so-called posttest
procedure’; in this kind of method, experimental data must be pro-
vided on a control surface located near the wind-tunnel walls or
directly on them. In particular, a one-array correction procedure
has been chosen, in which pressure data are provided at some lo-
cations on the wind-tunnel walls. The correction methodology em-
ployed and the sensitivity analysis carried out to study the effects
of different pressure sensors position and accuracy are described
in Ref. 2.

The scheme of the correction procedure, which is based on the
method proposed by Sickles,’ is shown in Fig. 1. Once the model
geometry is defined, the experimental tests are carried out, and
in addition to the aerodynamic forces acting on the model, the
pressure over the wind-tunnel walls is measured at a few selected
locations. These measurements are used as boundary conditions
in a numerical simulation of the flow around the same geometry
(pressure-given simulation). Another numerical simulation is car-
ried out in free-air conditions, that is without the presence of solid
walls. The difference between the values of aerodynamic forces ob-
tained in these two simulations is used to correct the experimental
data.

For the choice of the flow solver adopted in the numerical sim-
ulations, the same criteria used in computational aecrodynamics are
clearly suitable also in this context. In the present paper subsonic
flow conditions at low angles of attack are considered, and thus, a
potential flow solver is used.® It is based on Morino’s formulation,
with a wake relaxationprocedureand has been extensively validated
for aircraft configurations (for instance, see Ref. 7).

Experimental Setup

The experimental setup has been described in detail in Ref. 8.
Tests are carried out in the high speed wind tunnel (HSWT) of
the CSIR Laboratories. The HSWT is a trisonic, open circuit blow
down-type tunnel. Its operational speed ranges from M _ 0.55 to
M _ 4.3 The test section has a 0-45 ,, 0.45 m square section, and
the length is 0.9 m.

The Mirage F1 model, a wing—tail configuration with moderate
aspect ratio (2.83), was selected because of availablity in different
scales: 1:32, and 1:40. The nominal blockage factors, defined as the
ratio between the model cross-sectional area and the test section
area, at zero angle of attack, are 0.0101 for the 1:40 model and
0.0158 for the 1:32 model, whereas the span/width ratios are 0.210
and 0.263, respectively.

The aerodynamic forces are nondimensionalized with the dy-
namic pressure and the wing planform area, whereas the reference



